Introduction
Binary oscillations have been observed, both numerically and analytically, in certain discretizations of systems of nonlinear hyperbolic conservation laws; see LL96] . More speci cally, we consider systems of hyperbolic balance laws of the form u t + f(u) x = g(u):
(1.1) Semidiscretization of x 2 IR with step size =2 > 0 can, for example, be performed by a central di erence scheme _ u k + ?1 (f(u k+1 ) ? f(u k?1 )) = g(u k ) (1.2)
As a cautioning remark we hasten to add that we do not recommend this particular discretization for numerical purposes. Rather, it is our goal to investigate peculiar short range oscillation phenomena of system (1.2). Rescaling time, we obtain the equivalent system It is the goal of our present paper to investigate loss of stability of this decoupling phenomenon. In general, u 2k and u 2k?1 can de ne consistently smooth, but di erent pro les x 7 ! u(t; x). We consider only the simplest case k (mod4)
(1.5) of u k de ning the corners of a square. In this case, decoupling phenomena as above have been discovered by AA86] in the slightly di erent context of periodic orbits of linearly coupled oscillators. For more intricate, nonplanar graphs of coupled oscillators supporting such decoupling e ects see AF89] .
For simplicity, we consider systems of two balance laws, u i 2 IR 2 . To facilitate our calculations further, we impose an S 1 equivariance condition f(R ' u) = R ' f(u); g(R ' u) = R ' g(u) (1.7)
Denoting the Euclidean norm by juj, we can therefore write f(u) = a(juj 2 )u g(u) = b(juj 2 )u:
where the values of a; b are scalar multiples of rotation matrices. (1.9)
we normalize the periodic orbit to juj = 1, its frequency to , and its exponential rate of attraction to ?2. On the slow time scale _ u = g(u) these latter values become and ?2 , of course.
On the square (1.3), (1.5) decoupling produces an invariant 2-torus foliated by these periodic orbits; see (1.4). Normalizing the time shift , these solu-tions are given explicitly by T 2 : u 0 (t) := R t e 1 u 1 (t) := u 0 (t + ( ) ?1 ) = R u 0 (t) u 2 (t) := u 0 (t) u 3 (t) := u 1 (t) = R u 2 (t) (1.10)
Here 2 S 1 = IR=2 Z Z , due to S 1 -equivariance, and e 1 2 IR 2 denotes the rst unit vector. Our investigation of binary oscillations will focus on the detailed dynamics near the decoupled 2-torus (1.10).
Our assumption (1.6) on S 1 -equivariance allows us to eliminate one variable from our eight-dimensional vector eld (1.3), (1.5). Indeed, the ow of (1.3), (1.5) maps S 1 -orbits onto S 1 -orbits, by equivariance under the S 1 -action (R ' u) i := R ' u i (1.11) on u = (u 0 ; : : :; u 3 ) 2 IR 8 . The induced ow on the space of group orbits can be computed in explicit coordinates, representing a cross section to the group orbits; see (1.12) below. For spec c calculations, we will use polar coordinates (r k ; ' k ) for u k 2 IR 2 ; see sections 3 and 4.
Relating back to dynamics, consider the Poincar e return map to any Poincar e cross section X through any of the periodic orbits on our 2-torus T 2 . In particular, the section X is also transverse to the S 1 -action (1.11) which is free near the 2-torus. We can therefore rewrite the Poincar e map as the time t = 2 ( ) ?1 map of a suitable associated ow _ x = F(x) (1.12) representing the induced ow on the seven-dimensional Poincar e cross section X. The xed Poincar e return time can in fact be achieved by incorporating a scalar Euler multiplier into the induced ow on X. We will make an explicit choice for X later, based on polar coordinates.
In the coordinates x 2 X, the periodic 2-torus T 2 from (1.10) becomes a onedimensional curve of equilibria. Indeed, time action and S 1 -action coincide on T 2 . Therefore the xed points of the Poincar e return map given by T 2 \X coincide with equilibria of the induced ow _ x = F(x) on X. In other words, the relative equilibria on T 2 , relative to the S 1 -action, become equilibria on the local space X of S 1 -orbits.
As long as the curve of equilibria remains normally hyperbolic, the local dynamics has been clari ed by Sho75 (1.14)
Let E be the two-dimensional real eigenspace of F 0 (x 0 ) associated to i! 0 .
Coordinates in E are chosen as coe cients of the real and imaginary parts of the complex eigenvector associated to i! 0 . Note that the linearization acts as a rotation with respect to these not necessarily orthogonal coordinates.
Let P 0 be the one-dimensional eigenprojection onto the trivial kernel along the direction x 0 ( 0 ). Our nal nondegeneracy assumption then reads E P 0 F(x 0 ) 6 = 0:
( The proof of theorem 2.1 is spread over the remaining two sections. In section 3 we present a detailed analysis of the linearization near the curve x( ) of equilibria on X. In particular, we verify assumptions (1.14) on transverve crossing of simple, purely imaginary eigenvalues. The nondegeneracy condition (1.15) is veri ed in section 4, completing the proof of theorem 2.1.
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Result
Setting up for our main result, theorem 2.1, we further specify our square binary oscillation system _ u k = g(u k ) + f(u k?1 ) ? f(u k+1 ); k(mod4): To ensure transverse crossing (1.14) of purely imaginary eigenvalues in the limit & 0, we assume jcj < 1 is nonzero: jcj < 1; c 6 = 0 (2.6)
The nondegeneracy condition (1.15) on E P 0 P(0) will hold due to the same assumption (2.6).
Theorem 2.1
Consider the square binary oscillation system (2.1) with speci c nonlineari- independently of the choice of c in (2.6). In particular the stability region of decoupling into separate, phase-related periodic solutions on odd-labeled / even-labeled discretization points includes a full neighborhood U of u( ( )) with a prefered sign ? ( ) for the phase shift of decoupling periodic solutions u( ).
The proof of this theorem consists of checking the transverse crossing assumption (1.14) and the nondegeneracy condition (1.15) of theorem 1.1. In the limit & 0, these two conditions are checked in sections 3 and 4, respectively.
Eigenvalue crossing
In this section we provide the linear analysis for Hopf points of purely imaginary eigenvalues along the 2-torus T 2 of decoupled periodic orbits u(t) = (u 0 (t); :::; u 3 (t)) given by u 2 (t) = u 0 (t) = R t e 1 u 3 (t) = u 1 (t) = R u 0 (t) (4.14)
From (4.12) -(4.14) we nally obtain sign = ?1; ./ As a concluding remark, we note that the existence of hyperbolic Hopf points in central di erence schemes (1.2) has not been established yet. Further investigations of more general nonlinearities are necessary to clarify the possibility of such bifurcation points.
